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1 Introduction

Capturing the effects of vibrational nonequilibrium in high-speed flows is a challenging modeling prob-
lem. Large relaxation timescales modify reaction timescales and thermodynamic properties throughout
the induction and reaction zones [1,2]. For unsteady flows, open questions remain regarding vibrational
nonequilibrium in steady flow limits, regular and irregular stability limits for cellular structure, as well
as the role of failure limits. This work seeks to address these questions by establishing a robust and
defensible framework for modeling vibrational nonequilibrium in high-speed combustion applications.
To this end, we present a new formulation focused on highlighting the important physics of nonequilib-
rium flows, as well as easy extension to a wide range of systems, including idealized models not directly
related to any particular molecular system.

2 Vibrational Nonequilibrium Formation

For a gaseous species in thermal nonequilibrium, a single temperature description of the species’ internal
energy is undefined. For temperatures between 300 and 5 000 K, a vibrationally-partitioned, multi-
temperature description is well-suited to describe the internal energy [1], resulting in

pi = ρiRiTtr ei = etr,i(Ttr) + ev,i, (1)

where pi is the species pressure, ρi is the mass density, Ri is the gas constant, Ttr is the translational-
rotational temperature (shared by all species), and ei is the specific internal energy with components etr,i
(translational-rotational) and ev,i (vibrational). Here, we assume etr,i = RiTtr(3+Nr,i)/2+eo,i, where
eo,i is the reference energy state and Nr,i is the number of rotational degrees of freedom. We assume that
the vibrational energy is connected to a vibrational temperature, Tv,i, via a harmonic oscillator model.
The mixture equation of state is defined with Dalton’s partial pressure model, given by

p = ρTtr

N∑
i=1

YiRi, e =
p

(γtr − 1)ρ
+

N∑
i=1

Yi(ev,i + eo,i), (2)
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where p, ρ, and e are the mixture pressure, density, and internal energy, respectively, Yi is the species
mass fraction, and γtr is the ratio of specific heats associated with the translational-rotational energy of
the mixture (as opposed to the full ratio of specific heats γ).

The partitioned internal energy necessitates additional transport equations for each species with a vi-
brational energy component. The resulting one-dimensional reactive, vibrationally-partitioned Euler
equations for a mixture of N species are given by

∂

∂t


ρ
ρu
ρE
ρYi

ρYiev,i

+
∂

∂x


ρu

ρu2 + p
u(ρE + p)

ρuYi
ρuYiev,i

 ,=


0
0
0

Wiω̇i

ST-V,i + SV-V,i + SC-V,i

 , (3)

for i = 1, . . . , N . Here, x and t denote the spatial and temporal components of the solution vector,
respectively, u is the velocity, E = e + u2/2 is the total energy, Wi is the species molecular mass, and
ω̇i is the species molar production rate. The source terms ST-V,i, ST-V,i, and ST-V,i describe the vibrational
energy exchange processes with translational-rotational, vibrational, and chemical energy, respectively.

Chemical rates are calculated for J irreversible reactions of the form
∑N

i=1 ν
′
ijχi → ∑N

i=1 ν
′′
ijχi, where

ν ′ij and ν ′′ij are the species forward and reverse stoichiometric coefficients, respectively, and χi denotes
the species (e.g. H2), and are given by

ω̇i =

J∑
j=1

[(
ν ′′ij − ν ′ij

)
· Kj(Ttr,Tv) ·

N∏
i=1

(
ρYi
Wi

)ν′ij
]
, (4)

where Kj is the vibrationally-aware, state-averaged reaction rate. Here, we propose a generalized
nonequilibrium rate form based on previous analysis and general theory [1, 3, 4], given by

Kj(Ttr,Tv) = Keq
j (Ttr) ·

N∏
i=1

φij(Ttr, Tv,i), φij(Ttr, Tv,i) =
Qv,i(Tδ,ij) ·Qv,i(Ttr)

ν′ij

Qv,i(T
eq
δ,ij) ·Qv,i(Tv,i)

ν′ij
, (5)

where Keq
j (Ttr) is the reaction rate assuming thermal equilibrium, and φij is referred to as the vi-

brational efficiency function. This function enhances or inhibits reaction depending on the local vi-
brational temperature relative to the translational-rotational temperature and is defined as a combina-
tion of vibrational partition functions, Qv,i, evaluated at various temperatures. Under this formulation,
Tδ,ij = Tv,i/[ν

′′
ijTv,i/Ttr + ν ′ij (1− αv,ijTv,i/Ttr)] and T eq

δ,ij = Ttr/[ν
′′
ij + ν ′ij (1− αv,ij)], where αv,ij

is the vibrational efficiency parameter.

Chemical-vibrational (C-V) energy exchange is determined by summing over the state-specific rate [3].
Subsequently, for this formulation, the exchange rate is given by

SC-V,i = Wi

∑
j

[
ev,i(Tδ,ij) ·

(
ν ′′ij − ν ′ij

)
· Kj(Ttr,Tv) ·

N∏
i=1

(
ρYi
Wi

)ν′ij
]
. (6)

Based on the definition of Tδ,ij , this rate sends Tv,i → Ttr for products and Tv,i → 0 for reactants. In
other words, products are generated at the local equilibrium state and reactants consume the vibrational
energy. Translational-vibrational (T-V) energy exchange rates for a mixture of harmonic oscillators are
characterized by the Landau-Teller form, given by

ST-V,i = ρYi

(
etrv,i − ev,i

τT-V,i

)
where

1

τT-V,i
=

N∑
k=1

Xk

τT-V,ik
, (7)
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where etrv,i = ev,i(Ttr) as calculated for a harmonic oscillator, τT-V,i is the species T-V relaxation
timescale, Xk is the species molar mass fraction, and τT-V,ik is the species pairwise relaxation timescale,
which depends on the molecular properties of the colliding pair and the local state. Vibrational-vibrational
(V-V) energy exchange pushes each species to share the same relative vibrational state and is derived
from the collision rate and the probability of exchange, including constraints to ensure that the source
term goes to zero at thermal equilibrium [3], given by

SV-V,i =
N∑
k ̸=i

SV-V,ik, SV-V,ik = Wi ·
ρYiYk(e

tr
v,i + etrv,k)

2(Wi +Wk)τV-V,ik
·
(
ev,k
etrv,k

− ev,i
etrv,i

)
,

1

τV-V,ik
=

PV-V,ik

τc,ik
, (8)

where τV-V,ik is the (symmetric) species pair-wise V-V relaxation timescale, τc,ik is the standard collision
rate timescale, and PV-V,ik is a newly employed (symmetric) V-V exchange factor. Here, we set PV-V,ik =
pV-V,ik · 2etrv,i/(etrv,i + etrv,k), where pV-V,ik is the V-V exchange probability, which is typically set as a
constant between 10−6 and 10−2 depending on the system [1–3]. The inclusion of this symmetric
PV-V,ik term ensures that the equilibrium constraint is satisfied and that

∑
i SV-V,i/Wi = 0, which is not

guaranteed under previous implementations. In general, we expect PV-V,ik to be similar in magnitude to
pV-V,ik, so the historical reference values are still valid.

3 Model Observations and Discussion

This section includes general observations and analysis of reaction rates and relaxation processes as-
sociated with the modeling choices in this work. The primary focus is on relating the nonequilibrium
process to the reaction length scales in steady hydrogen detonations. For T-V exchange, we implement
the correlation posed by Millikan and White [5]. Many other timescales are valid, including corrections
for high temperatures, but this model is chosen due to its historical significance and to provide a general
understanding of the approximate timescales in detonations. For V-V exchange, two key parameters
must be defined that dictate the V-V relaxation timescale: the species pair-wise collision cross-section
associated with the collision rate timescale, σik, and exchange probability, PV-V,ik. Due to the complex
nature of calculating σik, we choose to set an average value of approximately 28 Å2 for each pair. For
the exchange probability, pV-V,ik was originally set to a constant value of 10−2 based on analysis for
high-speed re-entry flows [2, 3]. In measuring the vibrational-rotational relaxation process of N2 and
O2 within high-speed turbulent diffusion flames [6], a value closer to 10−5 provided the best match be-
tween simulations and experimental measurements. These collective observations were used to motivate
a change from pV-V,ik = 10−2 to 10−4 for the numerical study by [1]. Here, we choose to set PV-V,ik to
a constant value, but varied between 10−2 and 10−4 to better understand how this parameter affects the
relaxation process.

3.1 The Vibrational Efficiency Function

Fig. 1 shows the vibrational efficiency function for two chain-branching reactions in hydrogen-air deto-
nations, comparing the proposed model to historical models, including a modified Park’s model [7], the
Coupled Vibration-Chemistry-Vibration (CVCV) model [3], and the Kuznetsov model [4]. For each re-
action, we set Ttr = 1500 K and αv,ij = 0.5. Importantly, the CVCV and Kuznetsov model parameters
were modified for this analysis to improve their accuracy. The CVCV model has a similar α parameter
compared to this work’s proposed model, which was reduced from the recommended value of 0.8 to 0.3
for these comparisons. The Kuznetsov model has a parameter that scales with the anharmonic frequency
of the reactant, which was reduced from 0.3 to 0.008 for these comparisons. The modified Park’s model
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Figure 1: Vibrational efficiency function versus relative reactant vibrational temperature for key reac-
tions in hydrogen combustion, with Ttr = 1500 K and αv,ij = 0.5.

was directly calibrated to molecular dynamics and accurate to within a few percent. Thus, this model is
taken as the target for these specific reactions.

In comparing each of the models in Fig. 1, with the modified Park’s model [7] representing the target, the
proposed model does well. Overall, the model exhibits the same general features and efficiency values as
the historical models, indicating that αv,ij ≈ 0.5 is suitable for this class of reactions. Furthermore, the
current model accounts for the lower characteristic vibrational temperature associated with H2, resulting
in an efficiency function closer to unity for H2 as reactants compared to O2, similar to the CVCV
and modified Park’s models. Unlike to the CVCV model, this proposed model does not require the
dissociation energy associated with each molecule.

3.2 Post-Shock Vibrational Relaxation

In a VNEQ flow, T-V exchange pushes each species towards thermal equilibrium independently, whereas
V-V exchange redistributes vibrational energy so that the bulk vibrational energy associated with the
mixture is in balance. Overall, these two processes results in a complex vibrational relaxation process,
which is illustrated by a relatively simple post-shock relaxation process as shown in Fig. 2. Here,
three relaxation profiles are shown with varied PV-V,ik. The equilibrium temperature, Teq, denotes the
temperature corresponding to the specific internal energy as calculated from the conserved flux relations
assuming thermal equilibrium.

When PV-V,ik = 0, only T-V exchange is active and each species relaxes independently. Because O2
has a low characteristic vibrational temperature compared to H2 and N2, its vibrational modes are ex-
cited more rapidly and thus relaxes first. Considering that the induction and reaction zone lengths
associated with the steady detonation of the same mixture assuming vibrational equilibrium are only
approximately 0.02 cm and 0.6 cm, respectively, these results indicate that H2 will exhibit significant
vibrational nonequilibrium throughout the reaction zone and beyond. When PV-V,ik = 10−4, we observe
a balance in T-V and V-V exchange, with O2 now exhibiting two distinct relaxation zones, the first of
which is dominated by T-V exchange and the second dominated by V-V exchange. Both N2 and H2
relax more slowly but at a similar rate compared to O2, with H2 relaxation in particular dominated by
V-V exchange. When PV-V,ik = 10−2, which represents an extreme case but is historically relevant,
V-V relaxation timescale is rapid compared to T-V exchange, pushing each species to share the same
relative level vibrational nonequilibrium. In the resulting flow, each species relaxes towards thermal
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Figure 2: Post-shock temperature relaxation profiles for 2H2 + O2 + 3.76N2 propagating at D0 =
1980 m/s with T-V and V-V exchange (neglecting chemical reactions). The black dashed line denotes
the induction length associated with a steady detonation of the same mixture assuming vibrational equi-
librium.
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Figure 3: N2 vibrational relaxation timescale when mixed with H2O. The black open markers denote
the experimentally measured relaxation time scale of N2 mixed with H2O (collated in [8]). The colored
markers indicate relaxation timescales extracted from inert shock simulations at varied H2O concentra-
tions (between 0.1 and 1.0 moles) and wave speeds (between 1 000 and 2 500 m/s), with the blue line
denoted the T-V relaxation process calculated via the analytical expression for τT-V,ik.

equilibrium at a similar rate, and mixture thermal equilibrium is achieved more rapidly compared to the
other cases. Overall, this represents a complete shift in the relaxation dynamics, which would in turn
may dramatically alter the reaction dynamics within the induction zone.

3.3 The Role of Effective Colliders

The complexity of vibrational nonequilibrium relaxation processes are amplified for more realistic ap-
plications, where other chemical and physical conditions may come into play. Of particular note is the
presence of additional effective colliders, such as humidity via water vapor, which typically reduce vi-
brational relaxation timescales [8]. With this in mind, Fig. 3 shows the post-shock vibrational relaxation
timescale of N2 mixed with H2O under various conditions (with PV-V,ik = 10−4). The blue markers,
which correspond to the extracted T-V relaxation timescale of N2 via H2O collisions, overlap with the
line determined from the analytical expression for τT-V,ik, as expected. Compared to the empirical mea-
surements, it is clear that the T-V exchange is insufficient to fully capture this relaxation process. The
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red markers, which correspond to the extracted V-V relaxation timescale, are significantly lower, sug-
gesting that V-V exchange is the dominant relaxation process. The yellow markers correspond to the
combined relaxation timescale including both T-V and V-V exchange and was calculated based on the
distance behind the shock wherein Tv,N2 − Ttr ≤ 5 K divided by the wave speed. For Ttr > 1500 K
(as expected in detonating flows), the combined relaxation timescale is within an order of magnitude of
the experimental measurements [8]. Not only does this comparison suggest that V-V is critical for this
particular relaxation process, it also supports our choice for PV-V,ik.

4 Conclusions

A generalized framework for modeling vibrational nonequilibrium in continuum-scale applications with
temperatures below 5 000 K has been presented. This framework lays out how to partition the internal
energy and how this modifies the transport equations. Beyond this, we presented a new modified ef-
ficiency function valid for a wide range of complex and idealized systems. The vibrational exchange
terms were also presented, with the C-V exchange term formally derived for the modified efficiency
function, and the V-V exchange term modified with a new, symmetric exchange probability. This model
was then used to analyze coupled hydrodynamic-relaxation processes for an inert shock.
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